A Tutorial on Adaptive Control:
The Self-tuning Approach

Prof. Zoran Vukié¢
University of Zagreb, Croatia
Faculty of Electrical Engineering and Computing

Department of Control and Computer Engineering in Automation

(Voics) 385-1-6129-840, (Fax) 385-1-6129-809, (Email) zoran.vukic@fer. hr, (URL) htep://www.rasip.fer. e/ vukic

March 282000



CONTENTS

I Introduction 3
I-A° Why the need for adaptive control . . . . . . . ... .. ... .. ... ... ... ... 3
I-B- Mathematical models used in adaptive control . . . . . .. .. ... .. ... ... ... 7
I-C Problem formulation . . . ... ... .. .. ... 12
I-C.1  Some structural properties of stochastic control . . . . ... . . .. ... ... . 15

I-D Methods of adaptation . . . .. ... ... 16
I-D.1  Gain scheduling adaptive control . . . . .. .. .. ... ... ... .. .. . 16

I-D.2 Model reference adaptive control . . . . . ... ... ... ... 17

I-D.3  Self-tuning adaptive control . . . . ... ... ... ... .. ... . . 17

II System identification 19
II-A Choice of experimental conditions . . . . ... ... ... . .. ... 19
II-B Selection of the model . . . . . ... ... 19
[I-C Parameter estimation . . . . . . ... ... ... . ... ... .. 20
IL-D Model validation . . ... ..o 21
IIT Least squares parameter identification 21
[TI-ALeast squares algorithm development . . . .. ... ... .. .. .. .. 22
III-A.1 Properties of the least squares estimator . . . . .. .. ... ... . 26
IT-BRecursive least squares algorithms . . . . ... ... .. ... . .. . .. . . 26
III-B.1 Residuals and prediction errors . . . . .. ... ... .. ... .. 31
[I-CExploring recursive estimators . . . ... ... ... ... ... ... . ... 32
HI-C.1Initializing the estimator . . . . . . .. ... ... ... . . . . DL 32

III-C.2 Initializing data (regression) vector - W) o 32

IIT-C.3 Initializing parameter estimates vector - © ws(0) oo 32

II-C.4 Initializing covariance matrix - P(0) . . . .. .. . ... ... ... .. 32

II-C.5 Performance of a recursive estimator . . .. ... ... ... . .. 33

III-C.6 Exponential data weighting . . . ... ... ... . . .. . . . _ 35
HI-DCovariance resetting . . . ... .. ... ... . ... ... . . ... .. 37
II-ENumerical properties of the covariance matrix . . . . ... ... .. ... .. 37
HL-EConclusion . ..o oo 37
IV Design of adaptive self-tuning controllers 39
IV-AAlgebraic method of design . . .. ... ... ... ... . . . . .. . . 39
IV-A1Pole/zero placement . . ... ... ... .. .. . ... . .. .. 39

IV-A.2 Numerical problems related to pole/zero placement method . . . . . . . . . . . 45
IV-BMinimum variance control . . . ... ... ... ... . ... . 46
IV-CLQG Control . .. .. ... 51
IV-DIndustrial adaptive regulators - a short review . . ... . . ... ... . .. 51

V' Conclusion 52

LIST OF FIGURES

1 Distributed control systems on board a ship. . oo 4
2 Coordinate frame for a ship. . . . . ... . e 5
3 Block diagram of a discrete-time stochastic ARMAX (CARMA) process. . . . .. .. ... 12
4 Optimal stochastic control structure. . . . ... ... ... ... . 13
9 The structure of optimal adaptive control system. . . .. .. .. ... 14



oo sBEN e

10
11
12
13
14
15
16
17
18
19
20

Gain scheduling adaptive control. . . . . .. ... ... L
Model reference adaptive control. . . . . .. ... ... ...
Self-tuning control system structure. . . . . . . . ... ...
Block diagram of the recursive least squares method. . . . . . . . ... ... .. ... ...
Parameter identification by RLS for the time invariant process. . . . . .. .. .. ... ..
Parameter estimation by RLS for the time variant process. . . . ... .. .. ... ... .
The trace of covariance matrix for various exponential forgetting factors. . . . . . . . . . .
Exponentially weighted RLS in identification of time variant process parameters. . . . . .
Trace of the covariance matrix for two exponential forgetting factors. . . . . . . . . . . . .
Two parameter controller topology. . . . . . . . ...
Conventional (unit feedback) topology. . . . . . . .. . ... ... ...
Response of the non-adaptive control system with time variant process. . . . . ... . ..
Response of the ST control system to reference signal. . . . . . . . .. .. .. ... ...,
Block diagram of the minimum variance regulator. . . . . . . .. . .. ... ..
Knowledge based control system. . . . . . . .. ...

36
39
41
46
46
o0



I. INTRODUCTION

This tutorial is primarily for those who were not previously exposed to the topic of adaptive con-
trol. The tutorial will hopefully succeed in the main goal of arousing interest among participants to
use adaptive techniques for solving their problems in controlling various processes, helping them to
understand the problems and giving them the necessary basic knowledge and bibliography for further
study of this interesting topic.

Adaptive control is an interesting topic not only from the theoretical but also from the practical
standpoint. It should be used only if it allows more efficient and reliable control. '

‘Df;ﬁnition: Adaptive control]

Adaplwe control is a specific type of control where the process is controlled in closed-loop, and where
knowledge about the system characteristics are obtained on-line while the system is operating. Based
upon refreshed information obtained during normal operation, specific interventions in the control loop
are made in order to fulfill the control goal. Interventions can be various but mainly they can be
categorized as interventions obtained by changing:

a) signals - signal adaptation,

b) parameters - parameter adaptation,

¢) structure - structure adaptation.

Generally, various combinations of the above interventions are possible. Here we will focus our
attention only to parameter adaptation. Parameters in this context should be treated as observable
and uncontrollable elements of the augmented state set, which consist of state variables (controllable
and observable set elements) and parameters (observable but uncontrollable set elements). Also, due to
its simplicity, only single input single output (SISO) systems will be treated here. Parameter adaptive
control systems are characterized by separate specific algorithms for parameter estimation.:-

Adaptive control is a specific type of control, applicable to processes with changing dynamics in
normal operating conditions subjected to stochastic disturbances. Reasons for using adaptive control
are: :

« variations in process dynamics,
» variations in the character of disturbances,
« engineering efficiency.

Generally, to control a process with changing dynamics is not easy. Today two possible solutions
exist for that situation:

« adaptive control and
« robust control.

Adaptive control is used whenever process parameters are changing during operation and we do not
know in advance what changes our process will experience. Assumption of process time invariance must
be discarded. The solution has to be sought in a specific form of control where parameter estimation
and regulator design will be realized on-line during normal control system operation.

When we talk today of industrial automation (Fig.1) then we should be aware that a distributed
control systems in use today are complex hierarchical systems and that they are build upon reliable
operation of lower levels such as device level (process interface) and control level (single loop control)
systems. Equipment level (group control) represent even higher level where many processes are coor-
dinated. Adaptive and robust control presented in this tutorial should be situated in the single loop
control level. Without good and reliable system operation in lower levels, there is no sense talking
about higher hierarchical levels at all.

A. Why the need for adaptive control

The need for some sort of control which will be capable to adjust to the changes brought about
by change of dynamics of the process, disturbance or some other cause intensified during seventies.
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Fig. 1. Distributed control systems on board a ship.

Control community was aware of the fact that there should be some solution to that problem, already
in the fifties, [1], but the technology of that time and control theoretical achievements prevented the
use of the technique. However, many ideas developed in this early stage, proved later very useful. It
1s known that process parameters may vary due to:

« nonlinear actuators,

» changes of the operating conditions of the process,

» nonstationary disturbances acting upon the process.

Conventional controller with fixed parameters is not capable to adjust to changes experienced by the
process even though the feedback by itself decrease the sensitivity to parameter variations. As is well
known, increasing the loop gain of the system have as a consequence that the sensitivity is decreased,
because it is related with the gain as:

Sensitivity = T1GH
If there are bounds on the uncertainty of the process parameters, it is possible to design robust con-
trollers by increasing the complexity of the controller. To use this approach 1t 1s necessary:
L. to know the process structure fairly accurately,
2. to have bounds on the variations of the parameters.
If this is not known, than the only possibility we have to solve the problem is to use the adaplive
controller.



That the time invariance is not an adequate assumption can be shown by the following examples:

Ezample 1: Nonlinear actuator - ship’s rudder servosystem, [2]

HYDRAULIC RUDDER SERVO SYSTEM
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BLOCK DIAGRAM OF HYDRAULIC RUDDER SERVOSYSTEM

Change of the dynamics of this system can be caused by:
« leakage of the fluid,
« intrusion of the air somewhere in the system,
« uneven wear of the pumps,
. elc.

Ezample 2: Path guidance of ships in shallow water, [3].
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Fig. 2. Coordinate frame for a ship.



The state variable linearized mathematical model for a ship with a rudder servosystem in the hori-
zontal plane (small perturbation) is: :

[ ]
W 01 0 0 0 " 0 0 0
" 0 az ax 0 ay r 0 Yar Y22 N
g1 =10 azm az 0 ass Bl+10 |6+ v v [Y}
) 1 0 -1 0 0 7 0 0 0
| 00 0 0-1]]|s 1 0 0
L. 6 -l
where -

W - ship’s heading (course),
di)
r= —c% - shap’s heading rate,

B - drift angle,
n - the lateral offset or deviation from the desired path,
b and 6 - commanded rudder deflection and rudder deflection respectively.

Planar Motion Mechanism (PMM) and oblique tow tests were conducted for Tokyo Maru (= 180,000
DWT) tanker at various water depth-to draft ratio H /T. It was shown that dynamics of the tanker
can change dramatically from being course stable at high H /T > 3 to being course unstable at low
H/T < 3 ratio. The ship dynamics can change also due to:

« cargo (full load or ballast),
o Irim,

o disturbances,

o cle

Erzample 39: Airplane dynamics, [4].
The dynamics of an airplane depend on:
. Speed,
« altitude,
o angle of attack,
. ctc.
The linearized mathematical model around stationary flight conditions (speed=const., altitude=const.
and small angle of attack) with state variables N, - normal acceleration, g = gf - piteh rate, and 6, -

elevons angle is:

N, ann G2 a3 N, b
g = | G91 Qs a3 q + 10 |u
0 0 -1 0. a



-

Flight Condition 1 2 3 4
Mach (1Mach =~ 334[m/s]) | 0.5 0.85 0.9 1.5
Altitude [feet] 2000 | 5000 | 35000 35000
an -0.9896 | -1.702 | -0.667 -0.5162
apy 1741 | 50.72 | 18.11 26.96
ajg - 96.15 | 263.5 | 84.34 178.9
as 0.2648 | 0.2201 | 0.08201 | -0.6896
a9 -0.8512 | -1.418 | -0.6587 |  -1.225
ag -11.39 | -31.99 | -10.81 -30.38
b -97.78 | -272.2 | -85.09 -175.6
Ai(short period dynamics) | -2.07 | -4.90 | -1.87 -0.87+j4.3
A2 (short period dynamics) | 1.23 1.78 0.56 -0.87-j4.3

First three flight conditions represents subsonic speed while the fourth is supersonic speed flight con-
dition. The airplane is unstable at subsonic speeds and stable at supersonic speed. Constant parameter
autopilot is not a good solution for this particular wirplane (F4-E with canardst ) so the gain scheduling
autopilot with dynamic pressure and Mach number as scheduling variables is used here.

There are many examples which can show that the assumption of time invariance is not fulfilled, and
that the conventional constant parameter regulator is not appropriate. We then have to try to find
the type of the controller to solve the problem. Two possibilities are at the moment at our disposal:

L. adaptive controller,
2. robust controller.

Contrary to adaptive controller which is also time variant element, robust controller belongs to
constant parameters type of controllers. However, we must assume that bounds on the uncertainty of
the process parameters are known in advance to be able to design the robust controller. We must also
assume that our process will cover during operation just those conditions which we predicted before.
If the process somehow change in unpredictable way that we didn’t predict before designing it, than
again we will have a problem, where probably the adaptive controller will be used instead of robust
one .

B. Mathematical models used in adaptive control

For any control, and adaptive control in particular, it is necessary to choose the class of mathematical
models which describe the process. The chosen mathematical model has to describe the dynamics of
the process as well as to be appropriate for application in control design. Because of that, mathematical
models will be defined first, followed by procedures for parameter estimation, and design of the adaptive
regulator.

When self-tuning control is applied, it is necessary just like in any other case to choose the math-
ematical model which will be used. The chosen mathematical structure has to comaply to certain
conditions defined by a designer. With self-tuning control the mathematical model must allovw de-
scription of input/output behavior for various brocesses. For that purpose, most often the linearized
model around the nominal working point is used:

() = U(s)  Ai(s)

Canards make it easier to manoeuver the airplane, at the cost of decreased stability.



where:

$ = 0 + jw - complex variable (frequency),

(ip(8) - process transfer function,

Y'(s) - process response (output) signal,

UU(s) - process excitation (input) signal,

Ai(s), Bi(s) - polynomials of complex variable s of degree na and nb respectively,

T - process time delay. -

This type of mathematical model is general enough to describe various processes. It is essential to
notice that the concentrated parameter model has to be linearized around the working regime. To
satisfy the causality condition of any physical process, the following is necessary: deg(A4;) > deg(B)
or na 2> nb.

Due to the fact that processes are influenced by more or less stochastic disturbances the model must
be angmented with the disturbance signal w(t) as:

_ Bils)
A (s)

Y (s) e (s) + W(s) (1)

By introducing the differential operator p = d /dt the model (1) becomes:

v(t) = ZEu(e =) + (e )

The algebraic equation (2) is easier to deal with, because the system can now be treated as an

operator acting upon the input signal to form the output signal. See:[5], [6], [7], [8], and [9]
Disturbance signal w(t) is generally composed of the following components:

1. constant or drift component w, (t) = const. = dy, or w, (t) = do + dit + -+ + d,,t™ which
results in real situation when a zero mean stochastic disturbance is biased by a constant or
drift component. Sea current acting on a ship belongs to this type of disturbance,
slowly varying disturbance wy(t) such as the disturbance caused by a developing sea or the
influence of stochastic disturbances in instances when a ship is travelling close to another ship
I a channel,

3. disturbance which can be measured ws(t), and because of that used for the feedforward dis-
turbance compensation. Wind disturbance acting on a ship can be categorized to this class of
disturbances,

4. stationary stochastic component 1, (t), which can be generated by white noise colored by a
linear stable filter (shaping filter) for disturbance wy(t). This type of disturbance can represent
for instance the disturbance of a developed sea on a ship. The shaping filter is given by:

wn(t) = %em

b

where:
e(t) - white noise zero mean signal (E{e(t)} = 0) of independent equally distributed random variables

with covariance function:
r(r) = crf for =0
| OforT#0 [

A>(p), C1(p) - shaping filter polynomials.

The majority of references in adaptive control use almost exclusively w4(t) component of the dis-
turbance signal, despite the fact that all four components probably describe the real situation more
precisely.



The mathematical model used quite often in self-tuning control is then given by:

_ Bilp)

y(t) = mu(t — )+ i:g;e(t)

Because a digital computer is mostly used for adaptive control, discretization of this model is
necessary. The step invariant (ZOH) discretization with the sampling period h will give:

%(s)} B
8 A] (Z)

Go(z) = (1 —z~‘)z{

where:

z - complex variable (frequency),

(y(2) - process transfer function in the z domain,

A(z) = 2"+ @127 £ L+ an,

Bi(z) = boz™ 4+ b1 2™+ L+ by,

na,nb - degree of polynomials A and B respectively,

Z - z-transform operator.

Here we should be aware of problems which can arise due to discretization of the continuous process.
It is well known that the transfer function of the contimous system (which is a rational function of the
complex variable s) has na finite poles, nb finite zeros and d = na — nb zeros at infinity® (iff na > nb).
Namely, na poles of the continuous system are mapped to the na poles of the discretized system
by the law : = e (where I is the sampling period). However, zeros are not mapped by the same
law. The discretized system in general has na — 1 finite zeros. For particular values of the sampling
period. some zeros may go to oo or they may be cancelled by poles, resulting in hidden modes, see
[10]. Hidden modes should not be considered as zeros of the discretized system. The discretization
process also generates d — 1 finite zeros. So, we can say that in general discretized system will have
na mapped poles, nb mapped zeros and d — 1 finite zeros. It is a rule more than an exception that by
discretization of the continuous minimum-phase system, a non-minimum-phase discretized system is
obtained. The positions of zeros of the discretized system depend on the sampling period and also on
the type of the reconstructor used. There are in general no simple closed-form expressions for mapping
the zeros. The limiting cases for small or large sampling periods can be characterized by the following
examples (Theorems are given in [11]):

L. If the continuous system has na — 1 or na zeros, then those zeros will be mapped according to
z = et only for small sampling periods. Consequently minimum-phase continuons system will
be mapped to a minimum-phase discrete system.

2. If (Gp(s) has d more poles than zeros (pole excess is d) then for small sampling periods, the
discretized model will be proportional to the process with d integrators. If d > 2 then at least
one zero will be outside of the unit circle, and as a consequence the minimum-phase continuous
system will be mapped to a non-minimum-phase discrete system.

3. If Gp(s) has na > nbd, then for large sampling periods, the discretized mathematical model will
tend toward G,(0)/z having no finite zeros.

4. I (7u(s) is causal and if 7 is the delay time, which is not, equal to an integer factor of the sampling
period (fractional delay time is then d = kh — 7). Then, if Gp(s) is causal and if d — I at least
one zero of the discretized system will be outside of the unit circle. As an example 77 /s will
have a discretized model with a zero outside of the unit circle if I /2 <d < h.

It is often the case that a continuous system Is sampled with a high frequency. This is justified from
the standpoint of better approximation of the continuous system by the discretized one, but sometimes
1t 1s not recommended in design due to effects mentioned. Because of these facts, the designer does

2, . - .
d is called pole excess for continuous system.
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not want the regulator he is designing to depend upon the positions of zeros of the original system
(process). .
Assuming that h = 1 the following difference equation for the process without disturbances is

obtained:
y(k +na) + ary(k +na— 1)+ ... + anay(k) = bou(k + nb) + ... + bnpyu(k) (3)
By introducing the shift operator ¢ defined by: ¢f (k) = f(k + 1) the equation (3) becomes®:

Ai1(g)y(k) = Bi(q)u(k) (4)

where:

Al (q) — qna + alqna—l + ..+ Ana,

Bl(q) — boqnb + blqnb—l 4+ ..+ bnb,

The equation (4) can be transformed by use of the delay operator g~ defined by: ¢7' f(k) = f(k—1),
to: )

Ai(g Ny(k) = ¢ Bi (g~ YYulk) (5)

where:

AT(qkl) =1+ alq—l + .+ anaqwn.a’

Bi(g™") = b, + byg V4 ..+ buyg™, b, #£0,

d =na —nb

Polynomials labeled by superscript * are reciprocal polynomials?, obtained by reversing the order of
the coefficients in the original polynomial as: A* (g7) = ¢ A(g). Some care must be exercised when
operating with reciprocal polynomials, because A** is not necessarily the same as A.

Example 4:

A(z) = = has the reciprocal polynomial A*(2) = 1 while the reciprocal polynomial of A*(z) is
A™(z) = 1 which is apparently different from A(z).

By a similar procedure, the discretized model of the disturbance can be obtained as:
Az(q)wa(k) = Cr(g)e(k)
where:

e(k) - zero mean discrete-time white noise sequence of independent equally distributed random
variables with covariance function:

r(r) = o2 for 7 =0
= 0 for 7= +£1,42, ...

wy(k) - disturbance sequence,
Ay(q), C1(q) - disturbance shaping filter polynomials.
Introducing the following relations:

A - A1A2
B = B]A2
(J - C‘1A1

3Auto Regressive eXogenous (ARX) model.
*Later on. we will abandon use of the superscript * to have simpler designations.



we obtain:
AlQ)y(k) = B(q)u(k) + C(q)e(k) (6)
A(q y(k) = ¢“B* (g Yulk) + C* (g )e(k) (7)

which is the well known ARMAX (Auto Regressive Moving Average eXogenous) model. This model
is used not only in control but also in econometrics and elsewhere, [12], [13]. Often the name CARMA
(Controlled AutoRegressive Moving Average) model is also used, [14].

Mathematical model (6) is more convenient when analyzing the system using the characteristic
equation, such as stability analysis or defining the degree of the system. The reason for that is that
shift operator ¢ used here will not disregard poles in the origin. Mathematical model (7) is appropriate
for causality analysis and numerical calculations.

ARMAX models and state variable stochastic models are equivalent models from the input /output
point of view. However, ARMAX models have parsimonious parametrization, [12] and because of that
are more often used in parameter identification. The principle of parsimony defined by Akaike [13],
says that with other characteristics equal mathematical models with a smaller number of parameters
should be preferred. This is the main reason why ARMAX models are preferred in identification and
self-tuning adaptive systems. The ARMAX mathematical model is the basic model from which other
models can be obtained. Clarke and Gawthrop [15], added a constant (bias) disturbance component
to the right side of the equation (7) to get the possibility of modelling the bias component of the
disturbance wy (t) :

A (g (k) = ¢ B* (¢ ulk) + C*(¢)elk) + w (k) o

If we include in the picture the measurable disturbance w3 (t) and the drift type disturbance wy (t)
the discretized model becomes:

A (g y(k) = a7 B (g ulk) + C*(q7Ve(k) + F* (g™ Yu(k) + w; (k) 9)

where:

v(k) - measurable disturbance,

wy (k) - drift disturbance which in general can be modelled as a polynomial function of time, given
by:

wi(k) = do + dik + dok® + - - - + dpgk™

The block diagram of the discrete-time stochastic process model (9) is given in Fig.3.

nd = 1 gives that w;(k) = dy and this covers many practical situation for constant drift acting
upon a process. When wi(k) = 0 and v(k) = 0 we end up with ARMAX (CARMA) model discnssed
already.

If the disturbance is Brownian motion type disturbance, j(k) = j(k — 1) + e(k), (j is non-zero
mean stochastic signal E{j(k)} # 0), it is more convenient to use so called CARIMA (Controlled
AutoRegressive Integrated Moving Average) model, [16]:

A ) = B ) + 0 (g ) ) (10

where:
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Fig. 3. Block diagram of a discrete-time stochastic ARMAX (CARMA) process.

A =1-¢ "is the difference operator.

The CARIMA model (10) is more convenient than CARMA model (7) in practical situations, when
disturbances are not stationary. In many industrial processes, but also in some ship sailing regimes,
two types of nonstationary disturbances are encountered:

« step-like disturbance, occurring in stochastic instances. The change of quality of products has
this character, as well as the sudden change of depth under the keel of a ship sailing in a channel.

+ Brownian type disturbances occurring in stochastic systems based on energy balance. A ship
sailing close to the coast experiences this type of disturbance.

To obtain tracking control systems, the regulator must have integral mode. If the CARIMA model
1s used as the mathematical model of a process, then the model-based design will result with the
regulator having the necessary integral mode.

In the literature various models can be found which are based on the ARMAX form. The choice of
the mathematical model is dictated not only by an accurate description of the process dynamics, but
also by the control configuration, or the role of the regulator set by the designer. In the following text
the superscript * will be abandoned and nstead of A*(q!) we will use A(g™"). The reason is that this
will be more convenient, becanse from now on mainly the reciprocal polynomials will be used.

C. Problem formulation

Self-tuning adaptive control is derived from the larger class of optimal adaptive control systems,
where the regulator must obtain two different functions:

« real time (on-line) process identification (recursive identification),
+ control according to some chosen algorithm.

During the developing stages of adaptive control theory, many definitions for the term “adaptive
control” were recommencded. Today, a specific approach to the design of suboptimal controllers for
nonlinear stochastic systems is implied for “adaptive control”. Even though the structure of the self-
tuning adaptive control is based on heuristic arguments, it can be carried out from basic principles
of stochastic optimal control theory, when the system as well as its environment are described by
stochastic models. :

Stochastic optimal control theory, [17], [18], is concerned with the problem of finding the appropriate
control signal which will minimize a performance index subject to constraints o the nonlinear process
described by the mathematical model (discrete-time case):

Th41 :fl(fb‘k,uk,wk,”v') (11)
Ur = fo(my, Uk, k)



where:
k - time index,
Ty - state vector,
Yx - Tesponse (output) vector,
Uy - control vector,
wy, - vector of process disturbances,
Uy - measuring noise vector,
For nonlinear systems the main result of stochastic optimal control theory, [19], is in the recognition
that the optimal controller for stochastic nonlinear processes must posses two distinct functions:
1. Estimation of the conditional probability distribution of state z;,, based upon measured previous
mput and output signals,

P(«?Tk jyk—l) ; Yr—1 = (ul,uQ,...uk_l,yl,yg, ---?/k—l) (12)

This distribution is called the problem hyperstate.
2. Control algorithm . which can be obtained by use of:
+ known estimation of the conditional probability distribution of state 2y,
« known previously measured input/output signals,

ue = fp(ag | yp-1)] (13)

The expression (13) can be interpreted as a nonlinear function which maps the hyperstate to the
space of control variables.

The control system structure based on these principles has one big disadvantage in the necessity of
calculating the conditional probability distribution during system operation. The general structure of
any stochastic optimal control system is given in the block diagram in F ig.4, from [19).

4

‘w,c
Vet P& Y u |—>

Estimator Control law

A

Regulator ) Process

Fig. 4. Optimal stochastic control structure.

Optimal control in the sense described above, can be determined for a specific class of systems,
Le. systems having linear processes (f1(.) and fy(.) are linear), quadratic performance indexes, and
stochastic variables (wy, 1, and 2;) with Gaussian type probability distribution. These problems are
known as LQG ( Linear Quadratic Gaussian) problems. For all other systems control will be suboptimal.
Namely. real processes almost always contain nonlinearities, the performance index is rarely justified
as quadratic, and stochastic disturbances do not. have to be Gaussian.

The first assumption, needed in order to'be able to solve the problem of adaptive control, is that we
are dealing with the LQG problem, and that the real process can be described by a linear mathematical
model. Synthesis of the linear controller can then be done. Every linear controller can be designed by
use of conventional or optimal control theory methods. In both cases controller design uses the linear




mathematical process model with known coefficients a;, b;, ¢;, and possible drift disturbance wy:

ne

nae nb
Yoaylk—i) = bulk—d—i)+ > ce(k —i) +w
=0 =0 =0

Alg Ny(k) = ¢ Blg "u(k) + Clg™"e(k) + w; (14)

where:

e(k) - stochastic white noise signal with E{e} = 0 and E{e?} = o?

wy - DC' component of the disturbance,

d - system delay,

Alg7Y) =14 a1¢7 4 a9q 2 + ... + Gpag ™™,

B(q7') =0+ b1g7 +bag 2 4 o 4 buyg ™™ (b, # 0),

Clg) =14ecig7t +eq 24 . 4 g ™,

na, nb, nc degree of A, B and C' polynomials respectively,

Optimal adaptive control systems are derived from optimal control, and they are intended for control
of nonlinear time-varying stochastic processes, i.e. for control of processes which need adjustment of
controller parameters. Their analysis and synthesis is complex. Namely, if processes were linear they
could be controlled with a linear optimal controller, and if they were time-invariant and deterministic
we will not need learning during operation in the form of self-tuning and/or estimation. Contrary to
optimal control, which is based upon the assumption that coefficients of the mathematical model (14)
are known and time invariant, here the basic assumption is that those coefficients (or some of them)
are not known, and that they are changing during system operation, so their estimation is needed.

Optimal adaptive systems can be represented by block diagram in F 12.5.

W, v,
Vet AR L L Ve
_ | Estimator —» Control law ulk - S0 - S0 —
5 e
u, i1 Process
Control law obtained based on ; * Wt w
ARMAX model i L

- Assumed mathematical .-

model of the process

Fig. 5. The structure of optimal adaptive control system.

The optimal control law has one interesting characteristic, namely that the control signal despite
its function of controlling the process according to some performance index, has also the function of
perturbing the process in order to improve parameter (or state) estimation. So, by doing that this
type of control tends to somehow balance the need for small control signals with the need for accurate
estimation. This type of control is called dual control because of that.

The control algorithm is formed based on an assumed mathematical model (14), which is linear
only if all coefficients are known. That the model (14) is nonlinear, if coefficients are not known,
can be shown if this model is expressed by state variables, where unknown coefficients are treated as
augmented state variables.
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Ezxample 5:
For the first order system (na =nb=nc=1) from (14) follows, from [19]:

Yk + ayr-1 = bug_1 + e + cep_y + wy (15)
System dynamics can be represented by one state variable:
Ts=y—e - (16)
while four unknown coefficients a,b,c and disturbance wy can represent augmented state variables:
Tr=—¢ Ty=b z3=c—aqa; z4=uy (17)
From (15), (16) and (17) the nonlinear mathematical model is obtained:
z5(k + 1) = z1(k)as (k) + o (k)ulk) + zs(k)y(k) + z4(k) (18)

Equation (18) shows that not knowing coefficients in (15) generates one dominant nonlinearity x,as
and two bilinear nonlinear components of smaller impact (xyu and x3y). Not knowing coefficients of
C(q™") polynomial (zy in (18)), which models disturbance effects on a process, results in a dom-
mant nonlinearity, and makes estimator design and control algorithm design difficult. Not knowing
cocfficients of B*(q™') polynomial (x4 in ( 18)), which defines how the process is connected with its
environment, does not have such an impact. Not knowing coefficients of A*(q™!) polynomial (3 in
(18)). which define the process dynamics, also resulls in a bilinear component of smaller impact. Not
knowing a bias component of the disturbance (x4 in (18)) does not result in any nonlincarity, bul can
cause unobservability of a system.

(.1 Some structural properties of stochastic control

Stochastic optimal control theory defines specilic concepts such as: neutrality, separability and
certainty equivalence. These concepts characterize optimal stochastic systems and are important in
design of adaptive control systems, [20], [21], [22].

» Neutrality, [23], defines the characteristic of those stochastic control systems for which the
estimation improvement is not dependent on the control signal. This is a characteristic of
the estimation function of the stochastic regulator which shows that the form of the hyperstate
P(k | Yk-1) is independent of previous control signals. We can say that neutral control excludes
probing signals in the control signal.

« Separability is a characteristic of stochastic control systems for which the control signal is
calculated upon the point state estimation 7 and not its conditional probability function
p(@k | ye-1). Contrary to the general optimal stochastic regulator which should use Pz |y 1)
for calculating the control signal, optimal regulators of the separable stochastic problem use
Ty instead. We can conclude that separability is a characteristic of the controller algorithm
which shows that the optimal control is independent of the accuracy of information about the
state at the particular moment. This means that the probing signals, needed for improving the
accuracy of state estimation, and cautious control, needed because of the inaccuracy of state
estination, become superfluous in separable problems.

« Certainty equivalence is a more strict concept than neutrality or separability. It relates only to
the control function of the optimal regulator of the separable problem. The separable problem
Is said to be certainty equivalent when the control function of the optimal stochastic regulator
u = fi(m) is identical to the control function of equivalent deterministic optimal regulator
u” = f5(xy), which does not have unreliable information about process state. Certainty equiv-
alence imply that the control law of the stochastic system can be designed without taking into
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consideration stochastic effects. For specific classes of problems (such as LQG problems) it is
proved to possess all three characteristics becanse the sufficient conditions are:

L. For neutrality - linearity of f;(-) and f2(+) of a process mathematical model (11), [22],

2. For separability - linearity of f1(+) and f5() of a mathematical model (11), with stochastic
variables with Gaussian probability distribution, [17], '

3. For certainty equivalence - linearity of f(-) and fa(+) of a process mathematical model (11)
together with the quadratic performance index, [22].

The importance of theses concepts lies in the possibility to define the basis of design of suboptimal
control systems, like an adaptive one. Because the linearity of the mathematical model is the basic
requirement for all three characteristics, it follows that adaptive control will not posses neutrality,
separability and certainty equivalence if we do not know process parameters. So, we will need parameter
estimation to regain the certainty equivalence type of the regulator. This means that an adaptive
control algorithm should be designed in such a way to allow mutually conflicting activities of two basic
functions of suboptimal control: estimation and control. When this is obtained we have a certainty
equivalent type regulator.

As was already said, an adaptive regulator always consists of state and Jor parameter estimation as
well as a control algorithm. The control signal generated in the regulator must posses the ability to
somehow harmonize these functions which asks for mutually conflicting actions. Namely, estimation
asks for adequate process excitation in order to be able to identify process parameters, while the
control aigorithm should reach the desired goal (performance index) with minimal control effort. These
mutually conflicting requirements for the control signal can be represented by splitting the control
signal to:

L. cautious control, when unfamiliarity with the proper state (or parameters) of a process has
45 @ consequence uncertainty about the accuracy of the obtained estimation of state. This
necessarily results in more cautious control than if this uncertainty is not present,

2. probing control, injected during normal operation in order to get faster and more accurate state
and/or parameter estimation.

D. Methods of adaptation

For better understanding the problem of adaptive control, some concepts and principles valid for
the particular class of stochastic systems (such as self-tuning adaptive system) has to be known.
Parameter adaptive control is usually implemented as:
« gain scheduling adaptive control
« model reference adaptive control
« self-tuning adaptive control
Due to the time limitation of this tutorial, only the self-tuning control will be covered in more detail.

D.1 Gain scheduling adaptive control

The block diagram of this type of control is given in Fig.6.

Gain scheduling control can be applied in those situations when it is possible to determine a change
in process dynamics by measuring some variable(s) that correlate well with this change. In Hight
control systems, the height of flight and the speed of the airplane can be used for this purpose. In
marine control systems the autopilot parameters are scaled according to ship speed. The advantage
of this structure is that it is fast in adaptation, easy to implement and reliable in operation. However,
the main disadvantage is that the process may experience some unexpected change, which were not
previously modeled and memorized in the table of gains. Some authors does not categorize this control
structure as adaptive control, because strictly speaking the adaptive loop does not exist in the gain
scheduling structure.
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Fig. 6. Gain scheduling adaptive control.

D.2 Model reference adaptive control

The block diagram of the model reference adaptive control system is given in I 1g.7.

Model Reference Adaptive Control

Y,
- Model o
4
Regulator Adjustment <
parameters .| mechanism
y
,
Regulator Process
> u y

Fig. 7. Model reference adaptive control.

The main characteristic of this structure is that the model of the closed-loop dynamics must be
carefully chosen. During operation, the model and a real process output are compared and the control
signal accordingly changed in order to diminish the difference between the model and the closed-loop
system. If the model is not properly chosen, this type of control can give large control signals and
consequently cause excessive wear in the actuator. Because of this disadvantage the MRAS system is
used mainly for deterministic systems with very good results.

D.3 Self-tnning adaptive control

The block diagram of the self-tuning (ST) adaptive control system is given in the Fig.).

The structure of ST adaptive control have the necessary components for applying it in the stochastic
setting. In the Fig.8 the indirect structure is given where the parameters of the process are first
estimated, and then the parameters of the regulator are designed, based upon the estimated Process
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Self-tuning Adaptive Control
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Fig. 8. Self-tuning control system structure.

parameters. The direct form unites these two steps In one, so the estimator gives automatically the
parameters of the regulator, which must be given in the functional relation with process parameters.
The advantage of the ST structure is that it is capable of resolving many practical situations where we
do not now in advance what type of change our process will go through. Contrary to MRAS systems,
which can be realized in analog and digital form, the ST system is almost exclusively realized in a
digital technique. Because of the necessity of estimating parameters, the ST control is sometimes
slower than the MRAS control.



II. SYSTEM IDENTIFICATION

System identification covers two main tasks:
1. Mathematical model building,
2. Parameter identification.

While the mathematical model building is concerned with obtaining the mathematical model which
will describe the dynamics of the process in the best possible way, usually resulting in a complex
nonlinear model, the parameter identification, especially for ST adaptive control purposes, has to find
parameters of the model, which doesn’t have to be as complex and exact, but instead have to cover
the basic dynamics of the process.

Parameter identification includes:

« choice of experimental conditions - planning of experiment,
» selection of model structure,

+ parameter estimation,

« model validation,

A. Choice of experimental conditions

When the experimental condition has to be chosen we have to meet the following requirements:

1. experiment has to be cost effective,

2. experiment has to be simple,

3. identifiability must be met (i.e. all parameters could be possible to identify),

4. choice of excitation signal must be such to enhance interesting parameters and parameter

combinations, ie. all system modes must be excited.

It should be stressed that under closed-loop operation, identifiability can be lost due to too simplistic
feedback (like proportional one) or because of using not-persistent excitation. However, ST adaptive
systems have a natural time variation in the feedback, because the feedback gains are based on pa-
rameter estimates, and consequently the identifiability problem does not exist in adaptive self-tuning
systems. Test signals should be chosen to be as far as possible similar to input signals used during
normal operation. Of test signals used for identification purposes we will mention here only two:

L. Pseudo Random Binary Signals (PRBS), which are convenient test signals for identification

burposes, because they have only two amplitude levels and a rich spectrum. Limited amplitude
is useful, since it is generally necessary to limit the amplitude of a test signal to avoid taking a
system outside its linear operating range.
Square wave signals which are also convenient and have advantages that they are easy to
generate and also have strictly limited amplitude. The disadvantage is that their spectrum
1s not so rich as PRBS spectrum. Square wave amplitude should be selected in such a way
that the process is not pushed into a nonlinear operating regime, and the frequency should be
~ 0.16 BW or the period of the square wave signal should be approximately six time larger
than the dominant time constant of the process (Tsw = 6Ty). These are rough guides aimed
at ensuring that most of the square wave power (associated with the first three harmonic
component) is inside the system bandwidth.

N

B. Selection of the model

Four factors that should be taken into account when selecting the model are:

« Hexibility - the model should be capable of describing different system dynamics which can be
expected during normal operation, keeping in mind that the number of parameters and the way
they enter the model are very important,

« parsimony - principle of parsimony says: “If other things are equal, the model with the smallest
numoer of parameters should be preferred”.
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« algorithm complexity - depends on the number of parameters to be identified, as well as on the
structure of the model,

« properties of the criterion function - does this function has global minimum, maximum, local
extremal points etc.

Example 6:
Criterion function:

J(©) =) gle(k)] (19)

k=1

where:

© - vector of parameters,

£ - some type of error (input error, output error or a generalized error),
g[] - criterion function at user’s disposal

]
For disturbances with Gaussian distributions it is optimal to let g -] be a quadratic function of ,i.e.
-2

C. Parameter estimation

The quality of the parameter estimation depends on the performance (criterion) chosen, method
used and type of identification. The identification can be calculated:
« off-line,
« on-line.
For off-line identification, optimal accuracy is achieved, and Cramer-Rao lower bound obtained if
the criterion function g [e(k)] is chosen as the maximum likelihood one:

gle(k)] = —log f [e(k)] (20)

where:

f- probability density function of the prediction errors

When the measured data set contains some values that are abnormal (outliers) due to sensor failures
(or other cause), use of quadratic criterion function will give substantial jumps of the parameter
estimates, and moreover, a long time elapses before the estimates converge back to their previous level
- recovery is slow.

The algorithm can be made robust by the following interventions:

L. filtering all data before processing them,

2. making reliability checks on data before processing them. For instance comparing prediction
errors with a specified limit. Large prediction errors means that an outlier or measurement
error 1s probable. The predicted value can than be substituted for the measurement. This is
applicable when there are only few outliers in the data.

3. using a criterion function that grows more slowly with & than the quadratic one, so that large
prediction errors will have less influence on the parameter estimate. Instead of using € use the
following;:

3

f(é?):m



D. Model validation

The main problems attracting attention of researchers are still:
« choice of the model,
« choice of the model order.
The choice of the model for SISO systems is based on flexibility and parsimony. The model for the
identification purposes should be chosen from the general family of models given by:

Al (k) = 2L

u(k) + e(k) (21)

F(g=)~

With total number of parameters given, the best Hexibility is usually obtained if they are spread
out to some different polynomials.

IfA=C=D=F =1 the model (21) becomes y(k) = B(g~"u(k) + e(k). This model (with
a limited number of parameters) will certainly not be good for slow systems having a slow impulse
response.

The trade-off between flexibility and parsimony should thus best be met by using three or more
polynomials. Most often used model is ARMAX model:

Alg Ny(k) = Blg " Yulk) + C(g e(k)

If we want good prediction than the following model showld be used:

9(8) = k) + el

The recommended model for estimating the dynamics of a system is:

y(k) = )u(k) + e(k)
Ala™)y(k) = Bl Yulk) + k)

Some comments are necessary here:

L If it is known or expected that the system is unstable, then A(g™!) must be included in the
model.

2. If the system is unstable (assuming it is stabilized during experiment with an appropriate
feedback) it is important to note that F (¢71) is constrained to be asymptotically stable.

3. It is common practice to use A(q™!) or F (¢71), but not both in the model.

The choice of the model order is not a trivial problem. Careful trade-off between good description
and model complexity is needed. Most methods of model order selection are developed for the off-line
situation: Compare the performance of models of different orders and test if the higher order models
1s worthwhile. For on-line identification this idea will require parallel identification of several models
which is clumsy, especially in the adaptive control setting, so here we usually fix the model order, and
this data becomes the initial data for the recursive identification algorithm.

III. LEAST SQUARES PARAMETER [DENTIFICATION
As was already said, self-tuning adaptive control consist of two basic modules: on-line parameter
estimation module and regulator design module. Both modules are essential for proper functioning
of the adaptive control system, because only then are we dealing with certainty equivalence type
regulators. A description of the most often used algorithm for recursive identification will be given,
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and some interventions needed to overcome possible pathological situations in the estimation algorithm
will be briefly mentioned.

The references from the area of estimation theory and identification application are abundant today,
and we will give a selective list. References [24], [25], [26] and [18] are today classic ones where
the “black box” mathematical models are mainly used for identification purposes and none or very
few apriori information about process dynamics are utilized during identification. In many situations
this approach gives satisfactory results. However, it must be stressed that “grey modelling” could
give more accurate results because we are using some reliable information about our process from
the beginning. In on-line design of the regulator it is essential that the mathematical model describe
input /output process dynamics, and it is not so important that its structure correspond to the process.
ARMAX models are very popular because they can describe external dynamics of various processes.
The parameter identification procedure chooses “the best” mathematical model from the chosen class
of models, where the most important question is “does the chosen class of the mathematical models
describe the external (input/output) process dynamics”? Validation of the model must give answers
to the following questions, [27], [26]:

« does a chosen model correspond well with measured data from the real process ?
« 15 a chosen model good enough for the purpose set by the designer ?
« does a chosen model describe the “real system” 7
The answer to the third question is not possible, so the model is chosen if we can answer first two
questions positively. Usually for model validation the following is used:
« AIC (Akaike Information Criterion) criterion, [13];
« test of likelihood between the residual and the white noise;
« comparison of good fit between the process response and the process model (with estimated
parameters) response;
« comparison of the loss functions for various mathematical models etc.

All those performances give quantitative indices upon which the proper mathematical model can be

chosen.

A. Least squares algorithm development

In order to identify process parameters, the model used must be linear in the parameters. The
mathematical model (9) then has to be reparametrized to a regressive form:

(k) = O7(k = 1)p(k) + e(k) = " (O(k ~ 1) + e (k)

—~
[N
DN

~—

where:

y(k) - measured process output signal,

e(k)- disturbance signal (white noise with E{e} = 0),

v (k)- regression vector,

Pl (k) = [~y(k—1) - Yk —na) u(k —d) - u(k —d - nb) v(k) v(k — 1)+ v(k — nf)

Lk k? o k™ e(k—1) e(k —2)- - e(k — ne)]

O(k) - vector of process parameters,

@T(‘l‘) = [(1-1 Ay -+ Apg by e by fO fl e 'fnf do dy--- dng C1 Cyr v Cnc]

This mathematical model structure restricts possible control algorithms to be applied for process
control. In this model, unknown parameters are linearly dependent, i.e. the output signal linearly
depends on the parameters. If we do not know e(k), which is the sequence of uncorrelated white noise
realizations. we can think of:

y(k | ©) =07 (k — 1)p(k) | (23)

as a natural guess or prediction of what is y(k) going to be, having observed previous values of y(k — i)
andu(k—14):i=1.2 ... S0, we can say that prediction depends on the © vector binearly. If and only
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if e(k) is a sequence of independent random variables with & {e(k)} = 0 ie. white noise sequence,
then (23) is the prediction in the exact statistical sense.

Because /(k | ©) depends on parameters linearly, the estimation problem is simple.

Subtracting (22) and (23) we get the prediction error as:

(k) = y(k) — (K | ©) (24)

If we have an exact description of the system given by (22), i.e. this model represent the true data-
generating mechanism, and if we wish to determine from available data collected in the regression
vector o(k), the true system parameters in the © vector, then under the assumption of the known
correct structure, we can utilize the model:

y(k) = ¢T(k)© + &(k) (25)

where:

O - vector of adjustable model parameters,

(k) - fitting error at time k, .

Our aim is to select © so that the overall modelling (fitting) error (k) is minimized in some sense.
Equation (22) and (25) imply:

(k) = e(k) +¢" (k) [© - 8] (26)
Le. the modelling (fitting) error depends on © and when © ~ é, the “minimized” fitting error will be
equal to the white noise sequence corrupting the system output data.
(k) ~ e(k) when © ~ &

Assume that the system described by (22) has been running for a sufficient time to form N consec-
utive data vectors. The data obtained in this way allows the model (25) to be expressed in the vector
(matrix) form:

TR 20
3/(:2) _ ¥ :(~) 5 n 5(:2) (27)
y(N) P’ (N) (N)

To be able to uniquely find © we must have N > npar, (approximation problem), where npar is the
number of estimated parameters in the vector ©. When N — npar we have the interpolation problem,
and in the noise free case (e(k) = 0), the equation (27) can be solved as a set of linear equations
in npar unknowns. The resulting fitting errors are zero. When noise is present, and indeed in any
practical situation, even in nominally noise-free systems, we must have N >> npar. Linear least
squares methods are most widely used for such problems. Since there are more measurements (N)
than unknowns (npar), we have to choose an estimator of © that minimizes in some arbitrary chosen
sense the effects of errors. Rewriting equation (27) in the stacked notation, we have:

Y =36+ F (28)
where:
y(1) v(1) =(1)
N 1O T B I B O = ¢

u(V) o) E()




~

E =

Rearranging (28) in terms of the error vector E, we get:
y —_ a

O))

o (29)

Definition: Least squares principla

The unknown paramelers of a model should be chosen in such a way that ""T/LCAS'ImL OI squares of
the differences between the actually observed data Y and computed values of data Y = ®O mulliplied
by numbers (weighting factors) that measure the degree of precision (or trust) is minimal.

The sum of squares of errors with unit weights (LS criterion) can be defined as:

1 2

J(6) = 3 Bk) = 5ETE = “E (30)

N =
M| =

=1

Ops 1s defined as the least squares estimator of O, given data, if it minimizes .J (©). The weighted
sum of squares of errors (WLS criterion) is:

J(©) =

DN =

N Lo .

> aE(k) = SETQE (31)
=1

The LS criterion (30) is then:

J(®) = %ETE = (Y - 36)7(Y — %0)

J(©)=YTY — Y738 — 6TaTy + 676730 (32)

Setting to zero the derivative of .J (©) with respect to © for a stationary point (Jacobian matrix) we
end up with:

8J(©)
RE

= 0798 — 3TY =0 (33)

These normal equations can be solved for a unique minimum if the Hessian of J (©) is positive
semidefinite i.e.:

This Hessian 9]/ A0 = 37D will be positive semidefinite if and only if ® has full rank.

The least squares parameter estimation follows from (33) as:

OLs = (272) ' 3Ty = o'y (34)
where:

*We will use unit weights for the sake of simplicity.



(8]
2

&1 - pseudoinverse of . .
The pseudoinverse of @ exist if ®7® is nonsingular and this will be satisfied when @ is full rank i.e.

only when test signals are persistently exciting®. The resulting fitting error E can be denoted by:
E=R"=[n()n(2) - n(N)]

where the components of R are called residuals.
Premultiplying equation (28) by ®7, yields:

3Ty = 37905 + TR (35)
also (34) is:
O.s = (270) ' TY (36)
These two equations imply that:
TR =0 (37)

Because we have by definition (29) that R = (Y — 30 Ls) so the residual indicates that ) Ls must
be chosen such that R is orthogonal to the columns of the ® matrix. Writing (37) out in full, gives:

[ o) @2) - @) ]R=0 (38)

Recalling the definition of ¢(k), this can be rewritten as:

N
Zy(k, —ink)=0 fori=1,2...na (39)
k=1
and
N
> ulk —iy(k) =0 fori=1,2,...nb+1 (40)
k=1

and so on, for any other entries in @(k), if present (like: v(k), k, e(k) etc.). As N becomes large, and
under the ergodic assumption” (i.e. weakly stationary® stochastic processes) these equations imply
that:

E{ylk—ink)} =0 fori=1,2,...na (41)
and

E{uk—ink)} =0 fori=1,2,...nb+1 (42)

Equations (39), (40), (41) and (42) are sometimes said to express the orthogonality property of LS,
and are the basis of a number of other results, like the self-tuning property discussed later.
%S0 called “excitation condition”.

"Stochastic processes for which expectations can be replaced by time averages over a single realization are said to be ergodic.
*Mathematical expectation is constant, and the autocovariance expressed as ryuq (£ — t2).
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Fig. 9. Block diagram of the recursive least squares method.

For the O, 4 (k) using data from time 1 to k, we have:

OLs(k) = [0 (k) D (k)] ™ ST (k)Y (k) (45)
where:
y(g) v (1)
Yk = y(;a) o) = | ¥ :(2)
Ly 0’ (k) |
At time k + 1 we obtain new measurements from the process which enable us to form:
5
y
Yk+1) = : = ik (46)
o(8) [ y(k +1) J
y(k+1)
i
w(2
: O(k)
Pk+1)= : = (47)
(k) [ Pl J
ok +1)

The estimates at k + 1 are then given by:

—~

Os(k+1) = [2T(k + )@k +1)] " 9T(k + 1)Y (k + 1) (48)
Now:

Tk +1)0(k+1) = [ T (k) ok +1) ] [ wi@ 1) J
= OT(R) (k) + ok + 1) (k + 1) (49)




A.1 Properties of the least squares estimator

OLs is a random variable whose properties can be analyzed using the equation:
y(k) = ¢"(k)O + &(k) (43)

which defines the actual system with disturbances. Two properties are important in this respect:
1. bias - refers to the systematic error which can occur in the ©,
2. covariance - is related to the spread of estimates arising from random errors.
Adl) - bias: stacking equation (43) for k = 1,2,... N we get: ¥V = ®O + F| and substituting in
equation @)LS = (@T@)wl OTY, yields:

65 = (279) " 2700 + 9TE| =0 + (270) ' @7 E (44)

The average deviation of the estimate of the parameter from its true value (bias in the estimator) is
given by a rearrangement of (44):

65— 0= (370) ' 9TE
When the data which makes up @ is deterministic, the expected values of O — © can be written as:
E {(:)LS — @} = (<I)T<I>)_l TEx {E} =0 iff £ is zero mean
When the elements of ® are random, but independent of E, then:
E {@LS - (—)} = Fs {(@T@)_l (I)T} Er {E} =0 iff E is zero mean

here subscripts ¢ and g denote expectations over the & and £ ob jects respectively.
When the data and the noise are correlated the plim concept? can be used to show that the esti-
mates are unbiased if p lim (N"'®TFE) = 0. The entries in the vector ®TE are essentially the cross
N—oo

correlations between the data and noise sequences. We can conclude that asymptotic uncorrelatedness
of the data and the noise is necessary for unbiased estimates in the probability limit sense.

B. Recursive least squares algorithms

Instead of recalculating ® Ls In its entirety, requiring the storage of all previous data, it is efficient
to merely store the “old” estimate calculated at time k, denoted by &) rs(k), and to obtain the “new”
estimate © Ls(k+1) by an updating step involving the new observation only. The recursive estimation
process can then be visualized as in Fig.9

In the block diagram of the RLS method, new input Joutput data @(k) become available at each
sample interval. The model based on past information (summarized in © Ls(k —1)) is used to obtain
an estimate y(k) of the current output. This is then compared with the observed output y(k) to
generate an error £(k). This error is used in an update mechanism to correct © rs(k — 1) to the new
value © s(k). This recursive “predictor-corrector” form allows significant saving in computation. To
see how it is done, compare a LS estimate based on data from time samples 1 to k, with the estimate
based on data from time samples 1 to k + 1.

Iplima(k) — X ie P (k) — X]| > ¢ —0
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Thus, given ¢(k 4+ 1) we can easily update the old matrix of correlations ®T (k)@ (k) to obtain the
new matrix ®7(k + 1)®(k + 1). However, we actually need to find a way to update the inverse of
®T(k)®(k) directly without requiring a matrix inversion at each time step. In addition, we also need
to update the term @7 (k + 1)Y (k +1). From (46) and (47) we get:

Tk +1)Y(k+1)=[27(k) ¢(k+1) ] { y(i(ff)n ]
=®T(R)Y (k) + ok + Ly(k + 1) (50)

Introduce: P(k) = [T (k) (k)]

now:

and B(k) = @7 (k)Y (k). The equations (45) and (48) becomes

Orsk+1) = Pk + 1)B(k + 1) (51)
Os(k) = (k) B(k) (52)
also for T (k +1)@(k + 1) = T (k)®(k) + @(k + )T (k + 1) follows:
P Hk+1) = P7Y(E) + o(k + 1)o" (k + 1) (53)
~and for @T(k 4+ 1)Y (k+1) = T (k)Y (k) + o(k'+ Dy(k + 1) follows:
B(k+1) = B(k) + ok + 1)y(k + 1) (54)

Equation (54) gives a direct update from B(k) to B(k +1). We seck the same direct update from
P(k) to P(k+1). To do this we should use the matrix inversion lemma.

[I\/Iatrix inversion lemmal

Let A=PNk),B=opk+1),C=1aud D=oT(k+ 1) be matrices of compatible dimensions,
s0 that the product BOD = o(k +1)¢"(k + 1) and the sum A+ BCD = P~Y(k) + o(k + 1)o7 (k + 1)
caist. Then:

[A+BCD] ' =A'—AT'B[CT 4+ DAT'B] T DA™
or:

Pk)p(k + 1) (k +1)P(k)
1+ @T(k + 1) Pk)p(k + 1)

[P7HE) + ok + 1) (k +1)] ' = P(k) — (55)

The matrix inversion lemma solved the problem of matrix inversion in each step, by transforming it
to the division by a scalar in each step. So, the equation (55) now becomes:

Pk)p(k + 1)e" (k + 1) P(k)
L4+ oT(k + 1) P(k)p(k + 1)

Pk+1)=Pk) - (56)
where:

P(k) - positive definite matrix.

For linear regression models and normal (Gaussian) distribution of the disturbance, P(k) is the
covariance matrix of the aposteriori (k) with the expectation (:)(k)

If we substitute y(k + 1) from the relation (k) = y(k -+ 1) — T (k + 1)@Ls(k,) =yk+1)—glk+1)
mto equation (54) we get:

B(k+1) = B(k) + @(k + 1) (k + 1)8.s(k) + @k + 1)e(k + 1) (57)



from (51):

P~k +1)8s(k +1) = PUE) + ok + 1)p"(k + 1) OLs(k) + ok + D)e(k + 1)

NV
P=1(k+1)

after multiplying the above expression from the left with P(k + 1) we get:

Ors(k+1) = Bps(k) + Plk + p(k + 1)e(k + 1)

L(k+1)

L(k + 1) is a column vector of adjustment gains.
Erom (56) and (59) we can get the Recursive Least Squares (RLS) algorithm - (RLS-1):

'j.lgmiz‘.hm: RLS—ﬂ

Initialize algorithm with: P(0), ¢(0) and ©,5(0),

At time step k + 1 go through the following steps:
Step 1: Form @(k + 1) using new measured data,

Step 2: Form e(k +1) = y(k + 1) — T (k + 1)O 1s(k),
Step 3: Form P(k + 1) as:

_ Plk)e(k + LT (k +1)P(k)

Pl 3) = P = o e D Pl 1 1)

Step 4: Update @Ls(k) as:
OLs(k +1) = Or5(k) + Pk + Dok + 1)e(k + 1)

Step 5: Wait for the next time step to elapse and loop back to step (1).
In short the RLS-1 can be given by:
RLS-1 Algorithm:

Ors(k +1) = Os(k) + Plk + 1)k + De(k +1)
e(k +1) =y(k +1) — " (k + 1) 5(k)

_ Plk)plk + 1) (k +1)P(k)
1+ T (k + )Pk)p(k + 1)

Pk +1) = P(k)

with the regression vector'?:

TRy — (.
v (k) = [~yp-r - “Yk—na Uk—1 """ Ug—nb—1 |
and parameter vector:
®LS = [(11 Ay -+ Qng bO bl te bnb }

Remark [: RLS algorithm estimates only A and B polynomial coefficients.

Remark 2: Do not use RLS if the disturbance to the process is colored.

"°For the ARMAX model with Clg™) =1

(59)
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Remark 3: 1f we consider the term C(q~')é(k) as simply “the error”, and estimate A and B poly-
nomial coefficients using RLS estimation, the estimates will be biased.

The form of the RLS algorithm given above is general enough and many recursive algorithms use
this basic form. The differences between them are in the way that they form the covariance matrix
P(k), regression vector (k) and the prediction error g(k).

FExample T:

Consider the process described by, [4]:

y(k) = ay(k = 1) +&(k); o <1 (63)
where:

E(k) =e(k)+ce(k—1); || <1 ‘ (64)
with: E{e(k)} =0 and var{e’} = a? white noise sequence. The off-line estimates of parameter
a is:

N
2 y(E)y(k —1) > &(k)y(k —1)
~ =1 k=1
a(N) = v =a+—F
S ek-) 5 y2(k — 1)
k=1 k=1

For large N, assuming ergodicity we will have:

E{E(k)y(k - 1)}
E{y*(k - 1)}

For the white noise: E{{(k —1)é(k—14)} =0; i=3,4,5,.... Using (63) and (64) we will have:

a(N)=~a+

ylh = 1) = €(k — 1) +af(k — 2) + a®(k = 3) + - -
leading to:
B {€(k)ylk — 1)} = E{&(k)E(k — 1)} = co?
andd:

E{y’(k =1} =+’ +a* + - )E{&(k - 1)} + 2l +a>+ o+ )E{€(k — 1)(k —2)}

1+, 20c
T % T 2%

Finally we have:

ol — az)

A(N)~anm 279
aN)~a 1+ ¢? 4+ 2ac

This result shows that a bias is present unless ¢ is zero i.e. Clgh) =1
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B.1 Residuals and prediction errors

A key variable in the RLS algorithm is the modelling (fitting) error (k). We can now relate this
error to the residual associated with the least squares procedure. The modelling (fitting) error is
defined as:

e(k) =y(k) — " (k)Ors(k — 1) = y(k) — 5k | & - 1)

In words: modelling error at time £ is the difference between the system output y(k) at time & and
the predicted output Gk | k — 1) at time k, based on known @Ls(k — 1) at previous time k — 1. This
error is called a priori outpul prediction error because of that.

The true modelling error (or residual or q posteriori prediction error) at time k is:

(k) = y(k) — o (k)OLs (k) = y(k) — Gk | k)

(k) and n(k) differ only in that 7(k) is based upon parameter estimates © Ls(k) at the current time
step K, while =(k) is based upon © Ls(k — 1), i.e. previous time step parameter estimates. As k& — oo
the difference between a priori and a posteriori prediction errors approaches zero, but during the first
few recursions the difference is significant, and various estimation algorithms exploit this. The relation
between (k) and 7(k) is given by:

1
(k) = E(A)l +oT(k)P(k — (k)

As seen from the above expression the denominator is already calculated in the RLS algorithm, so
a posteriori prediction (residual) can be obtained from e(k) at any time step by a scalar division.

In order to estimate polynomial coefficients, knowledge of e(k—1), e(k—2),-.. e(k—nc) is required.
However, {e(k)} is an unobservable error process. A number of estimation procedures exist, which
replace €(k) by an estimate usually taken to be:

+ a posteriori prediction error (residual) n(k) - then we have approximate maximum likelihood
(AML) estimation,

« a priori output prediction error (k) - then we have recursive extended least squares (RELS)
estimation.

The recursive extended least squares algorithm - RETLS:

Algorithm: RELS

OLs(k +1) = Bs(k) + Pk + Dk + 1)e(k + 1) (65)
etk +1) = y(k+1) — " (k + 1) (k) (66)

_ pry_ PRk + 1) (k + 1) P(k)
Plk+1) = P(k) - 35 0T (k +1)P(k)p(k + 1)

with the regression veetor:

WT(/f) = [“Z/k—l T T YknaWk— 1 U 1€ Sy - - '€k—nc]

and parameter vector:

@LS: [al Ay ¢ Qpg by by by C1Cy +vr € J

“ne




C. Exploring recursive estimators
In practical situations there are issues which should be addressed, such as:
L. Initialization of the estimator,
2. Model selection - specification of the estimator,
3. Choice of the operating conditions,
4. Manipulation of the covariance matrix £.

C.1 Initializing the estimator
The issues which arise here are:
« the choices of initial data (regression) vector, ¢(0)

« the choice of initial estimate, ©15(0)
« the choice of initial covariance matrix, £(0)

C.2 Initializing data (regression) vector - ¢(0)
The data (regression) vector is initialized by collecting data before the recursive estimator is started.
The number of necessary time steps (¢) needed for collecting data depends on the model:

s =max {na,nb+1,nd +1,nf +1,nc}

Frample 8:

Suppose. the process model is given by: y(k) = (pT(k)HA

where:

or=Ta, & & b,

P = [~y 1) ulk—1) u(k—2) u(k—3)]

The regression vector requires three time steps in order to collect sufficient past values of u(k). At
the fourth sample interval, the recursive estimator may be started.

C.3 Initializing parameter estimates vector - ©rs(0)

The initial estimate is not crucial for convergence behavior. However, it is much better if the user
already knows some parameters of his process. If not then a useful technique is to assume that the
system is a single integrator with unit gain. The step invariant (ZOH) sampling of the integrator gives:

VA {%} = il. so the initial parameters are:

a; =—1and a; =0 for i # 1 and also by = h and b; = 0 for i # 0

Once, one recursive estimation run of a particular system has been completed, it is a standard
practice to use the final estimates to initialize subsequent runs.

("4 Initializing covariance matrix - P(0)

Initial values of the covariance matrix depends on our uncertainty concerning the unknown param-
eters. If we have no prior knowledge of the system parameters, then a large initial covariance would
reflect this. Often, the parameters associated with A, B, C etc. polynomials have different initial
uncertainties associated with them. In such circumstances P(0) is chosen diagonal, but with each
diagonal entry reflecting the uncertainty associated with the corresponding parameter. In this context
It is not uncommon to give different weights to the initial coefficient estimates of the A polynomial, B
polynomial and so on. However, a standard choice is:

PO0) = rlper
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where 7 1s a scalar. »

“Large” P(0) means 100 < r < 1000 while “small” P(0) means 1 < 7 < 10. Terms “large” and
“small” depends upon the experiment, experience, and the particular application. In the self-tuning
context, we should be aware of the following facts:

1. “Large” P(0) will result in a more responsive identification algorithm, which will as a result
have higher fluctuations of the control signal and as a consequence more strain or wear of the
actuator.

2. “Small” P(0) will result in sluggish identification algorithm, smaller control signal fluctuations,
and less actuator activity.

FErample 9: R

Consider the process described by: y(k) = T (k)0

where:

@T: {&1 52 /b\() BIJ

If i)\o and ?)\1 of the B polynomial are poorly known, reflecting poor knowledge of the process gain and
zeros, while prior transient experiments established the approximate values of the process poles (and
hence ayand a,), then a typical initial P(0) in this case would be:

i 0 0 0
0 70 0 O
) —
P) = 0 0 7 O
0 0 0 my

With 141 = 14y & 100 and ryg = 14 = 1

To visualize how the initial covariance matrix P(0) influences subsequent covariance values, we
should recall that the covariance matrix at time k can be written as:

-1

PE) = | P70+ ) (i) )

When P(0) is “large” its influence upon P(k) is much less than the information collected in
{v(i);2=1.2....k}. Conversely, if P (0) is “small”, its influence upon P (k) is correspondingly greater.

C.5 Performance of a recursive estimator

The initial performagce of the recursive estimator depends on:
» choice of ©(0), ©,5(0), and P(0)
« type of the system
« form of the excitation signals applied
The next example will show how recursive algorithms behave. Some pathological cases will be shown
and the way how to treat them given.
Example 10:
The mathematical model of the process is:

y(k) +ay(k — 1) = bu(k — 1) + e(k) + ce(k — 1)

where:

a= —0.8
bk)=05 Yk >0
c=0
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e(k) is the white noise with E {e(k)} = 0 and E {e2(k)} = 0.25

The estimator is initialized with:
vy | 10000 | & o [a0)] [oo
fm)_[ 0 :moJ’ Ow)"[RO)}"[&o}

pk=1)=[-yk—1) u(k—-1)]=[0 0] for k=0

The excitation signal is unit amplitude square wave signal with the period Tsyw = 100 [s].
The estimated parameters (full line) and the true parameters (dotted line) are given in the Fig.10.

0 2
0.1 E 18
0.2 :1 E 16} :1
0.3 14
04 12
% 0.5 § 1
0.6
0.7
0.8 = y
0.9 0.2
o 00 700 300 400 00 600 700 500 900 1000 ¢ 700 200 300400 500 600 700 800 800 1000
step step

Fig. 10. Parameter identification by RLS for the time invariant process.

Now if the process becomes time variant i.e. we have:

b(k) = 0.5 for 0 < k < 400
7] 1for400 < k < oo

RLS will give the estimations as qen in Fig11.

o T v v 2
<01 4 18¢
02 7\4: 1 1 16F 7\,: [
03 E 14}
-04 E 124+
%: -08

0 100 200 300 400 500 600 700 800 900 1000 [ 100 200 300 400 500 600 700 800 800 100
step step

Fig. 11. Parameter estimation by RLS for the time variant process.

As seen on Fig. 11 the RLS algorithm was not capable of estimating the time variant process param-
eters. The reason for this is that during the operation of the RLS estimator the trace of the covariance
matric approached zero (klim tr [P(k)] — 0), and we say that P(k) have turned off , see Fig.12 (for

A=1),
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A=l

1] 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 100

Fig. 12. The trace of covariance matrix for various exponential forgetting factors.

When this happens the RLS algorithm calculates the new estimation based on the previous onc, (sce
(59)), the new measurement is not taken into account, t.c. the algorithm turned off, and the capability
of estimaling the changing parameters is lost.

In adaptive self-tuning control where the process is not time invariant, this can lead to disastrous
results because the regulator parameters will use wrong parameter estimations in the design procedure.
So, something has to be done to improve the alertness of the RLS algorithm. In the literature there
are many recommended procedures for this. We will mention the following:
- Exponential data weighting, [28)].
« Automatic change of the exponential forgetting factor, [29], [30].
« Constraining the trace of the covariance matrix P, by appropriate change of the forgetting
factor, [31], [28]. :
» Covariance resetting, [32].
« Covariance matrix modification, [33].
These interventions can improve the estimation algorithm.

C.6 Exponential data weighting

Minimization of the weighted least squares criterion (31) for the time-invariant process will give
the estimation of the mean parameters inside the period 0 < ¢ < N. To obtain the estimation
corresponding to estimation in a particular moment k, the criterion should be changed so that new
measured data are taken into account with higher impact, while the older ones are taken into account
with less impact. This criterion is given by, [25]:

N
1 . .
J(©) = 2 > NlgE (k) (68)
=1

The choice of the A(k) is dictated by fast adaptation and good estimation. When A ~ 1 we will have
that the prediction error older than T, time units will have the impact factor ¢! ~ 36% compared with
newest measured data'!. So, T, can be called the time constant of the criterion memory (estima‘tor).

The RLS covariance update becomes then:

Pl 1) = [1 __ PRek + 1" (k + 1) P P(k) (69)

Ak +1) +T(k + 1)P(k)o(k + 1) | ANk + 1)
where:

11 1
Tnl = 1—x



A(k) - exponential forgetting (data weighting) factor, 0 < A < 1
Experience has shown that the best is to try 0.95 < A < 0.99 with A = 0.98 as a recommended

choice, see Fig.13.

-0.2 }\-:0.98 18 >\.:098

ak)
-3
w

) 4 100 200 300 400 500 600 700 800 800 1000 0 100 206 300 400 500 600 700 800 80¢ 1000

step step

Fig. 13. Exponentially weighted RLS in identification of time variant process parameters.

Standard RLS when A(k) = 1 Vk is not capable of estimating parameters that change during the
estimation process, while exponentially weighted one is capable to estimate them. The trace of the

covariance matrix is shown in Fig.14 .
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Fig. 14. Trace of the covariance matrix for two exponential forgetting factors.

As is seen on Fig.14 smaller A have as a consequence alert RLS algorithm, but in the aclaptive control
this also means that the estimation will oscillate, causing changes of the regulator parameters which
will result in wear and tear of the actuator. So, some balance has to be found, and as is already said
A = 0.98 is recommended for that purpose. Exponentially weighted RLS in adaptive control will have
0.95 < A < 0.99 and the exponential forgetting factor will be useful only if persistency of excitation
exists. In case that there is no persistency of excitation, estimator windup can result (for A < 1), see
(69) when only the term: P(k4-1) = /\—(Fk(i—)l)
Time-variant exponential forgetting factor can then be used, defined by, [29], [30}:

remains if no new information feeds the regression vector.

where:
Mg = 0.99
/\(0) =0.95

With this forgetting factor we have that A changes from 0.95 to 0.99 and is not constant during
estimation routine. So, with this forgetting factor we have at the beginning high alertness of the
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algorithm, which decays with progress of the estimation. When the covariance matrix becomes large
and the regression vector is dominated by random noise, then @(k) is unlikely to move in a direction
that improves the input/output model used, and we have so called parameter drift. In the self-tuning
control setting, if parameters drift into an unstable region, the result will be large perturbations or
bursting in the input/output variables. This will as a consequence have rich excitation to the system
and improved estimation, so this is a self-correcting capability of the self-tuning control. The optimal
choice of forgetting factor must balance two contradictory performances:

1. Fast tracking of the changing parameters - higher susceptibility to noise,

2. Less oscillations of the estimated parameters - bigger estimator inertia.

Sometimes, especially when change of process parameters are fast, it is advantageous to quickly

forget measured signals, and slower when the change is minor or when there are no persistency of
excitation.

D. Covariance resetting

Covariance resetting is the technique for ensuring that the trace of the covariance matrix never
becomes too small, i.e. the RLS algorithm is always kept alert. The covariance is every k; samples
reset to some value which is capable to keep alertness of the algorithm. For instance at k; resetting
occurs and the covariance restarts with a new value:

f)(ki) - ﬂi[npar

where f; is a scalar and usually 3; < . The problem with covariance resetting is that in the adaptive
control the actuator is always kept active, so wear and tear of the actuator can be expected. Also, the
exponential convergence of the estimation toward true values of parameters is lost.

E. Numerical properties of the covariance matrix

Analysis of the equation (69) shows that P matrix is calenlated by subtracting two positive definite
matrices, and that the result must be a positive definite matrix. Due to the characteristic of the RLS
algorithm to diminish the P matrix norm with each step, it can happen that the P matrix loses this
characteristic of positive definiteness. The RLS algorithm breaks down and nstability of the algorithm
results. Due to that possibility, reliable numerical algorithms must be used for calculation of the P
matrix. Two numerical algorithms are recommended:

+ normalized Cholesky decomposition (square root Cholesky decomposition), [34]
» UD factorization by Bierman and Thorton, [35].

F. Conclusion

The estimator role is to estimate process parameters based on previously measured input and output
brocess signals u(k) and y(k). That can be realized by various methods, [36], [25], [26]. However, in
practice we will most often deal with:

« RLS - Recursive Least Squares,

« RELS - Recursive Extended Least Scuares,
« RPE - Recursive Prediction Error,

« RML - Recursive Maximum Likelihood,

+ RSA - Recursive Stochastic Approximation,
« RIV - Recursive Instrumental Variable,

In the majority of applications RLS, RELS or RPE methods are found. RELS or RPE identification
methods are used whenever a disturbance acting on a process is not of white noise type, but is colored.
The reason for such a popularity of these methods is probably in the fact that they are methods with
the fastest convergence. Despite all, the practical experience gained with them confirmed that they
are reliable. but also they have some disaclvantages worth knowing. When the number of parameters is
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high, then probably the RSA method is recommended. The reason is that stochastic gradient methods
are relatively simpler when we need to refresh and save data for the covariance matrix. Problems
related with the RLS parameter estimation, especially in the self-tuning context, were given and
some interventions most often used discussed. The identification algorithm in the self-tuning adaptive
control is very important because the design which is calculated on-line during normal operation of the
system is based on the estimated parameters. So, if the estimator breaks down, the whole system is
jeopardized, and some emergency plan has to be implemented in order to save the system from crash.
Causes of defects are various, but most often the following should be mentioned:

» use of constant forgetting factor A < 1,

« use of unstable numerical algorithm for calculating the covariance matrix P,

« use of non-persistently exciting signals,

« unmeasurable disturbances,

« unmodelled process dynamics. R

Unmeasurable disturbances can cause divergence of the estimation ©(k). This can happen only in

situation when the reference signal is not persistently exciting, [37]. Namely, if in the RLS algorithm
instead of the prediction error e(k) the following signal is nsed:

v(k) = 2(k) — 5(k | ©) (71)

where:
2(k) = y(k) +w(k)
and 1f we assume that w(k) is a harmonic disturbance, then (k) as well as v(k) will have the harmonic
component in phase in both vectors, which will cause divergence of @(k) It is observed that a harmonic
disturbance is most devastating for the estimation, while high passband disturbances are not.
Unmodelled dynamics are always present in any design using a mathematical model of a process.

This means that the process is described by:
{/\\
_4Bl(g™! - .
v =G (14 Pl (72)

where P(q~") represents the unmodelled dynamics of the process, which is unknown but stable rational
transfer function of known order. Presented algorithms assume that P (g7} = 0. With this assumption
1t 1s possible to get unstable control, because, for instance, the estimator trying to find the best
possible models among the set of simplified models (models without P (g71)) and unable to calculate
acceptable model parameters gives large estimations which consequently can result during the design
stage In unstable control algorithms. Classical interventions in the form of conditioning of signals,
signal filtration, signal normalization, use of dead zone in the RLS algorithm etc. can be used here to
circumvent this problem.
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IV. DESIGN OF ADAPTIVE SELF-TUNING CONTROLLERS

Design of the adaptive self-tuning controllers is specific because only design methods capable to
calculate controller parameters in real time can be used. Classical methods (such as frequency meth-
ods!?, root locus and others) are not useful here. The algebraic control theory developed mainly in

late seventies [5], [9], [7], and [38] allow real time application of the design procedure. We will cover
the pole/zero method which can be directly related with the MRAS approach of adaptive control.

A. Algebraic method of design
A.1 Pole/zero placement
The basic idea of the pole/zero placement method is very simple. It consists in defining the transfer
function of the desired dynamics of closed-loop control system and equates it with the closed-loop
transfer function of the real system, where controller parameters are unknown and can be related with
the process parameters. For a known causal process transfer function given by:
Gla) = 29
! A(g)
where na > nb and coprime polynomials A and B, the controller parameters must be calculated so
that the desired dynamics of the closed-loop system given by the model:

1s obtained. The control structure capable to solve this problem is given in Fig.15.

ACTUATOR
+

PLANT

The desired model transfer function (73) is implementable if the following conditions are satisfied,
[6]:
the controller must be causal,
the closed-loop control system is well posed (closed-loop causal),
the closed-loop control system is totally stable,

4. there is no plant leakage.

The system is well posed or closed-loop causal if every transfer fanction for all possible input /output
combinations is causal. System is totally stable if every transfer function for all possible input/output
combinations is stable. There is no plant leakage if there is no direct branch from the reference signal
to the output signal, i.e. the transfer function of the closed-loop control system is strictly proper. The

[ N

" Nyquist or Bode.
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first condition is necessary if we want to design a causal regulator. The second condition is necessary
if we want to develop a system with small noise susceptibility, while the third condition is necessary
if we want to exclude unstable pole-zero cancellations, i.e. deal with detectable and/or stabilizable
system. The fourth condition is necessary if we want that the whole energy goes through the process
and that there are no parallel branches where this energy can bypass the process.

From above conditions on implementable transfer fanction G,,(g) the following theorem follows, [6]:

Theorem: Implementable G,,(q)

For the causal process given by G, (q) = B(q)/A(q) the transfer function G.,(q) = Bun{q)/An(q) will
be implementable if and only if G,.(q) is stable, and also:

“m(e) _ N(qg) (74)

M9 =G = Dl

s stable and causal.
Condition no.4 boils down to the fact that M(q) represents the transfer function from the reference

signal to the control signal. Condition no.3 has as a consequence that (i, (¢) and M(q) must be stable,
while condition no.2 results in G, (¢) and M (g) must be causal. The consequences of this theorem are:

Gm(q) = M(q)Gp(q)

deg(4,,) — deg(B,,) = deg(A) — deg(B) + deg(D) — deg(N)
If M(q) is causal then: deg(D) > deg(N) and consequently:
deg(An) — deg(By,) > deg(A) — deg(B) (75)

So, if (75) is valid then M(q) is causal. Stability of Gm(q) and M(q) is satisfied when An(q) and
D(q) polynomials are Hurwitz (roots inside unit circle). From (74) follows:

N(g) _ Gmle) _ Bm(@9)Alg)

From (76) it is obvious, that if the B(q) polynomial has roots outside the unit circle, and if they are
not cancelled with By,(q) then D(g) can not be a Hurwitz (stable) polynomial and consequently M(q)
stable. So, in order to have stable M(q) it is necessary that “unstable” roots of the polynomial B{q)
must be contained in the polynomial B..(q). In other words, “unstable” process zeros must be kept in
the desired polynomial B,,(q), i.e. the regulator should not cancel them.

Eorollary: Implementable G,,(q)

If the process G,(q) = B(q)/A(g) is causal, then G, (q) = Bm(q)/Am(q) will be implementable if
and only if the following is valid:
L. deg(A,) — deg(Bm) > deg(A) — deg(B), meaning that the process delay must be smaller than
the closed-loop control system delay,
2. All “unstable” process zeros must be contained in the set of zeros of the desired closed-loop
dynamics,
3. polynomial A,,(g) must be Hurwitz (roots inside unit circle).

M(q) =

(76)

As is seen from the above, “unstable” process zeros constrain the zeros of the desired implementable
closed-loop dynamics, while unstable process poles do not have any such effect on the closed-loop
poles. The reason for that is in the fact that process poles can be arbitrarily positioned anywhere by
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Fig. 16. Conventional (unit feedback) topology.

the use of feedback. However, the only way to move process zeros is (assuming no process leakage) by
cancelation with poles or by feedforward compensation. Feedback does not play any role here.

The unit feedback (conventional) regulator topology (see Fig.16) where the regulator is behind the
comparator allow positioning of the closed loop poles only, while zeros can not be moved. This 1$
shown from the relation which equates the transfer function of the closed loop system with the desired
(implementable) transfer function of the closed loop dynamics:

Gulg) = ——B@S5@) __ Bu(q)
‘ A[@R() + B(@)S(@) ~ Aulg)

As is seen from equation (77) the closed poles can be positioned by solving the Diophantine equation:

Al R(g) + B(9)S(q) = Amlq) (78)

Equation (78) can be solved for polynomials R(q) and S(q) if we know polynomials A(q), B(g) and
Am(q). However, closed loop zeros can not be positioned at will because from (77) follows that closed
loop zeros are defined by:

= G(q) (77)

B(9)S(q) = Bu(q)

Due to the fact that the polynomial S(q) is already obtained from (78) the closed loop zeros will
consists of the open loop process zeros given by roots of polynomial B(g) and controller zeros given
by roots of polynomial S(g)- So, we do not have any possibility with conventional topology to position
the closed loop zeros at.the desired locations given by B,(q). However, the two-parameter controller

topology (given in F ig.15) can solve the problem of pole and zero placement. For this topology (77)
becomes:

B(Q)T(Q) _ Bm(Q)
A(q)R(q) + B(¢)S(g) ~ Am(q)

As seen from (79) the Diophantine equation responsible for pole placement remains the same as
before (78). while the equation for placement of zeros becomes:

B(9)T(q) = Bw(q) (30)

So, we can conclude that two-parameter topology give us two degrees of freedom!®:

~

Tel (Q) =

= Giulg) (79)

130 .
Contrary to conventional topology.
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L. to position poles (by polynomials R(q) and S(q) - part of the controller acting in the feedback
loop) and
2. to position zeros (by polynomial T'(q) - part of the controller acting in the feedforward loop).

Due to its capability and simplicity of solution this topology is most often found in the adaptive
literature dealing with the self-tuning control.

As the equation B(q)T(q) = B.(q) shows the process zeros (roots of B(q) polynomial) are contained
in the set of closed loop zeros as well as the remaining zeros defined by the polynomial T(q). The only
way to get rid'* of those process zero(s) is by cancelling them with some pole(s), while other closed
loop zeros can be positioned at will with T(gq) polynomial.

If the polynomial B is factorized as: B = B~ B+, where B~ represents polynomial with unstable or
poorly damped roots, while BT represent monic!® polynomial with stable or well damped roots, then
it follows:

L. To get stable G, ()", then B, (q) must be factorized as:

Bu(q) = B~ (q)B,,(q) (81)

which implies that “unstable” process zeros can not be changed, but must be included in B,,.

2. The assumption was that polynomials A and B are coprime and that only stable or well damped
zeros can be cancelled. Since B is a factor of B, it follows that it must be also a factor of R
to factorize closed loop polynomial AR + BS. So, we have:

R(q) = B¥(9)R'(q) (82)
Finally from (79) we have: '

B"B*T BB,
B*(AR' + B-S) A,

or:
!
T By,

—_— - m &:
AR'+B-5 A, (83)

With these factorizations and cancellations we reduced the degree of the closed-loop system. To
uniquely solve the Diophantine equation the degree of polynomials from both sides of the equation
must be equal. The question is: Is this satisfied?

deg(AR + BS) > deg(AR' + B™S) < deg(Anm)

It we get that deg(AR' + B~S) > deg(A), then it follows that some polynomial is missing here.
In order to solve Diophantine equation uniquely there should exist a polynomial Ap (called observer
polynomial' "} which should be cancelled on the right side of the (83):

T _ Bhh
AR + B-8§ A Ag

(84)

"If we want that at all.

® Monic polynomial is the polynomial with a unit at the highest power of the polynomial. Monic polynomial is needed to get
the unique factorization.

'°Since B~ can not be a factor of AR+ BS it follows that it must divide B,,.

17 . . . .
In relation to the observer from the state space design method, where the dynamics of the observer was not present in the
closed loop transfer function of the coutrol system.
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Finally, we have the following equations which must be solved for the pole /zero placement problem:
For closed-loop poles the (Diophantine) equation:

AR + B™S = AnAq (85)

For closed-loop zeros:

T =8B,

m.

A (36)

If we want to have system which is robust for low frequency disturbances as well as for low frequency
modelling errors, high gain is needed at low frequency. The integrator must be included in the regulator
Le. the R(q) polynomial should become:

R(q) = (g —1)"R, (87)
With this R polynomial the equation (85) becomes:
Alg—1)"Ry+ B~ S = A, Ay (88)
Simple calculations show that the causality conditions:

deg R > degT

deg R > deg S
are satisfied if:
deg A,, — deg B,,, > deg A — deg B (89)
holds and if:
deg A9 > 2deg A —deg A, —deg BT + v~ 1 (90)

The algorithm for the pole/zero placement is then:

Algorithm: Pole/zero placement
Initial data:
i’(Q)

+ process model given by the transfer function: A

» known observer polynomial Ao(q)

Bm(g)

» desired closed-loop dynamics given by the tmplementable transfer function: Torta)

o lhe “stability” region Q) defined by the user
The following conditions must be met:

¢ Bm(Q) = BW(Q)B;n(Q)

« deg A, —degB,, > deg A — deg B

« degdp > 2deg A —deg A,, —deg Bt + v —1
Step 10 Fuctorize B polynomial as: B = B~ B+
Step 2: Factorize B, polynomial as: Bn=B"B;,

where B* is monic with all its roots inside stability” region Q, and B~ has all its roots outside
“stability” region Q.

Step 3: Solve the Diophantine equation:

A(q - I)VRII + B_S’ = Am,AO (91)



with respect to Ry and S. Choose solution such that:
degS <deg A+ v
and also
deg R} = deg Ay + deg A,,, —deg A — v
Step 4: The control law is then:

R(q)uc(k) = T(q)r(k) — S(q)y(k)

where:
R=B*R and R =(q-1)"R}
deg R > deg §
and:
T - Br/nAO
degT < deg R
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(92)

(93)

(97)

(98)

NOTE: From the polynomial identity (95) follows that R’ is monic. This also implies that R

polynomial is monic.

For stochastic systems described by ARMAX mathematical models, optimal observer polynomial

Ag is equal to polynomial C. Equation (88) then becomes, [39):

Alg—1)"R, + B~S = A,,C

(99)

From equation (99) follows that C polynomial must also be Hurwitz if we want to have a stable closed-
loop system. The pole/zero placement algorithm given above is applicable not only for deterministic

but also for stochastic systems as well.

NOTE: | 4daptive version of the pole/zero placement algorithm instead of the polynomials A, B,

and C' use their estimations A, B, and C.
So, for stochastic systems we will have the following Diophantine equation:

Alg—1)"Ry + B~8$ = A,,C

and the pole/zero polynomial equations for deterministic systems will become:

o~

B=B"Bt

Bm = E“B/

m

~

A(g—1)"R, + B™S = An A

R=PB*R and R =(q—1)R]

(100)

(101)

(102)




A.2 Numerical problems related to pole/zero placement method

As is seen from the pole/zero placement algorithm given above, there are couple of equations which
should be solved numerically on-line in order to realize the adaptive self-tuning system. From the nu-
merical point of view the main problem still remains in the factorization of B polynomial. Diophantine
equation can be solved by the following methods:

1. Dby use of Jezek’s algorithm, [40]

2. by use of Euclid’s algorithm, {7]

3. by use of set of linear equations, [34]

4. by use of iterative method of residual correction, [41]
5. by use of recursive LS method, [42]

First three methods solve the Diophantine equation exactly in each step, while other two are iterative
converging to exact solutions under assumption of time invariance of the process. Because of that
they have the possibility to smooth possible isolated singularities'®, but are not applicable for time
varying processes. Due to this disadvantage first three methods are recommendable for adaptive control
applications. From the experience gained with first three methods the author recommends the first one
as the best for real-time application due to compact code and reliability in operation. The third method
can broke if the singularity of the Sylvester matrix occur during calculations. Using Gauss method
with complete pivoting!® will not resolve this problem. The second method (Euklid’s algorithm) enable
elimination of possible common factors in A and B polynomials in case of a pathologic situation, have
more compact code, but is not better than Jezek’s algorithm which does not posses these problems at

all.

Ezample 11:
The linear time variant process is given by the transfer function:

1
2+ ags? +3s5+1

G(s) =
It is controlled by the two-parameter topology requlator. Parameter ay change according to:

_ 3for 0 <t <170
P27 5 for 170 < t < 00

Wiih the sampling period (ZOH discretization) h = 0.5 [s] the following discretized models are obatined:

0.01442% + 0.0397z + 0.0068

G(z) =
(2) 2% —1.81962% 4 1.1036z — 0.2231

foray =3

0.0122% +0.0279z + 0.0035
23 — 1.79222 + 0.9174z — 0.0821

The desired dynamics is described by the Bessel (n+1 th order) filter with the cuttof frequency 2

[rad/s):

G(z) =

for ag = 5

16
Gm(s) = 7 3 2 { o
§* +6.24795% 4+ 17.566252 + 25.6087s + 16
or ZOH discretized:
0.022z% 4- 0.125922 + 0.0673z + 0.0034
Gm(z) =

24 —1.47922% + 0.977822 — 0.324z + 0.044

EOF low probability.
\Whick is numerically stable algorithm.
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Observer polynomial is chosen as the denominator of the Bessel (n th order) filter with the culoff
frequency 4 [rad/s]:
Ao(s) = s* + 1.7315s% + 39.45945 + 64
Z0H discretized:
Ao(z) = 2* — 0.21852% + 0.0608z — 0.0077

Measured input/outpul data are filtered with the second order Butterworth filter with cutoff frequency
0.2 [rad/s]. The response to the reference signal when the requlator parameters are fized is given in
Fig. 17, The response to the same reference signal with the self-tuning requlator is given in Fig.18. The

32
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Fig. 17. Response of the non-adaptive control system with time variant process.

self-tuning requlator use RLS parameter estimation algorithm and pole placement design. Regulator
parameters change during operation.
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Fig. 18. Response of the ST control system to reference signal.

This example shows that the ST adaptive regulator is capable to control the process and obtain the
desired dynamics of the closed-loop system despite process parameter changes.

B. Minimum variance control

Minimum variance control (MV) tries to minimize variances of the process output signal. By doing
that this type of control keeps the system in the operating point characterized with minimal waste.
Because of that this type of control is interesting for the industry where minimal waste is of prime
concern. The performance index of minimum variance is:

']MV = f {yz(k‘)} (lOS)
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where:

E - mathematical expectation,

y(k) - process output signal (response).

The basic idea of the minimum variance control, is that in the k-th instant the regulator must cancel
d-step prediction of the system response, where d is the process delay,[43]. As a consequence we state
that the minimum variance control will be good when the prediction of the system output is rehable,
when process disturbances are slow and when the prediction horizon is short (small process delay). To
find the necessary control algorithm for the MV control an optimal d-step predictor (estimator) has
to be found which will give at the moment k the prediction of what the output of the process will be
at the moment k 4+ d. This prediction must be such that the prediction error is minimal. Due to the
fact that we are dealing here with stochastic systems, this means that the variance of the prediction
error has to be minimized. The prediction error is here defined as:

yk+d|k)=yk+d) —yk+d|k) (106)
and we are seeking:
E{y*(k+d]|k)} =min. (107)
The mathematical model of the process is given by the equation (7):
Alg™"y(k) = ¢ *B(q™ u(k) + C(q")e(k) (108)

where: e(k) is white noise with E {e(k)} = 0 and F {e?(k)} = o2
Optimal predictor of this process can be obtained from the d-step predicted form of the (108) given

as:

B(q‘l)u o, Ol o '
A ( ')+_—A(q“1) (k + d) (109)

The MA part of the process d-step predicted form is given by:

y(k +d) =

C(g! _
ymalk +d) = qu_lie(k‘-%d) =T'(g7e(k + d) (110)
where I'(¢™") = 1+ v1¢7! + y2¢ ™% + -+ is a polynomial of infinite degree, obtained by polynomial
division of (' and A polynomials. This polynomial will converge assuming that C is Hurwitz poly-
nomial! The mathematical model is only then invertible because e(k) can be obtained from previous
realizations of output signal as:

Alg™)

= iV = D) k)

e(k)

Bear in mind that the white noise sequence e(k) have independent realizations of each other, which
means that we are not capable to predict the next realization, knowing previous one. However, we
can separate the right side of the equation (110) to one part which we are unable to predict and the
another part which at the moment k is already known through realizations of the white noise up to
k-th istant. We then have:

Unpredictable at moment &

Yae(k) + Yarr1e(k = 1) + Yaroe(h — 2) + - - (111)

Realized up to moment &
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So, the best prediction we can make, boils down to the part which is inside braces:

Ynalk +d | k) = yae(k) + yarre(k = 1) + Yaroe(k — 2) + - (112)
Realized up to moment‘kr

As a consequence it follows that for the MA process the prediction error is given by the unpredictable
part at the moment &k given by:

Umalk +d | k)= e(k+d) +me(k+d — 1)+ +va1e(k + 1) (113)

Unpredictable at moment k

From (110) and (113) it follows that the polynomial I'(g™!) can be factorized to the following:

aalh+d) = S ol 4 d) =Yg el + ) = R etk +0) + S D) (119
A(g™1) Ag™Y)
where:
R{gY=1+7ig '+ + r g it
S(q—l) = 8¢ + 8.1(]“1 N sn_lq—n+1
From(114) the Diophantine equations follows:
C(q—l) — A(q—l)Rl(q—l) +q—dS(q—l) - (115)
or:
¢“1C(g) = A(g)R'(q) + S(q) (116)

Optimal predictor of the MA process is obtained from minimizing the variance of the prediction
error:

min. = { [R'(g "e(k + d)]Z} +E { {%%ymx(k) ~ Ymalk +d | k)} } +

KSV —~
26 {[Re(t + ) | S = sl | 0 } (118)

Due to the fact that the white noise sequence e(k + d), e(k 4+ d — 1),...,e(k + 1) is independent
from yara(k), yaa(k —1),... with zero mean, then the third component in the expression above will
be equal to zero. The only possible condition for the minimum of the variance of the prediction error
1s then:

S o) ~ Galk 1 d ] ) = 0 (119)
Clg™)

And the optimal predictor for the MA process is:

Guali+d | k) = SN (120)
Clg™?)
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 With this predictor the variance of the prediction error is:
E { [R'(q ek +d)]2} = (L +rf 4 hriy)ol (121)

Introducing (114) in (109) we get the prediction form for the ARMAX process as:

Sy S B{g™") 0
y(k = R'(¢" Yelk k k 122
ylk +d) = Flg™)elk +d) + 7o myelk) + o yulk) (122)
From (108) is:
Alg™") B -
(k) = — y(k) — ¢ " ——ulk (123
e(k) = Sy - Bt )
and (122) then becomes:
S[TA B B
ylk +d) = Re(k +d) + Z Ey(k:) - q‘dau(k:) + Zu(k;)
& ) - ~d4g
= Relk +d)+ Ey(l\) + B(C Ag )u(k:)
S BR'
= R'e(k +d)+ Ey(k) + C u(k) - (124)

Optimal predictor can be obtained from the minimum variance of the prediction error:

min. = B {[Re(k+d))’} + B { [g—:y(k) + B(flu,(k) — e+ d | k,)] 2} +
2K {[R/e(k: + d)] {%U(k) + B—é{lu(k) —yk+d | k:)] }

Following the same reasoning as before with MA process, we get the optimal predictor for the
ARMAX process:

Gk +d|k) = Se™h B(gHR'(¢)
' Clg™) Clg™)
The minimum variance control algorithm is obtained by cancelling the d-step prediction of the
process output given by (125). Thus, the control algorithm of the MV control is:
S(e”!) ~5(Y)

u(k) = *B(q—_l)fmy(/ﬂ = my(k) (126)

y(k) + u(k) (125)

where:

R(g ') =B(¢ )R (g7

As is seen from (126) the MV control structure is quite simple and can be represented by the block
diagram given in Fig.19.
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Fig. 19. Block diagram of the minimum variance regulator.

MV regulator is a regulator with one degree of freedom, because we are able to position the poles
only. Diophantine equations for the MV problem are:

Alg™)R(g) +q7*Blg )S(g™") = B(g™H)C (g™ (127)

Qor:

A(q)R(q) + B(9)S(q) = ¢ 'B(¢)C(q) (128)

In the pole/zero setting it can be concluded that the MV algorithm is obtained if the desired
implementable A,,(g)A40(g) polynomial is set to be:

Am(2)Ao(q) = ¢* " B(g)C(q) (129)

So, the MV control sets the closed loop poles at the roots of B and ¢ polynomials, while the
remaining d — 1 poles are set at the origin. Because of this characteristic the MV control is applicable
only for the minimum phase systems. If our process have unstable zeros, than the MV regulator will
be unstable. So, factorization of B polynomial is needed, in order to cancel only stable process zeros
(BT) and leaving the unstable process zeros (B7). If this is made, than we have suboptimal MV
control called Moving Average (MA) control:

A(q)R(q) + B(q)S(q) = ¢* ' B*(q)C(q) (130)

The minimum of variance can not be achieved with the MA controll MV and MA control are similar
and differ in number of process zeros cancelled. MV control cancel all process zeros while MA control
caucel only B* zeros.
The same idea of cancelling the prediction of the output signal have been used for control of stochastic

systems such as:

1. Linear Quadratic Gaussian (LQG) control, [14]

2. Generalized Minimum Variance (GMV ) control, [15]

3. Generalized Predictive Control (GP(Y), [44], [45]

4. etc.
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Minimum variance control is a special case of linear quadratic optimal control, which can be repre-
sented with the following performance index:

J=E{[y(k) - r(k))* + pu*(k)} = min. (131)

The control law minimizing this criterion is the Linear Quadratic Gaussian (LQG) control. If p=20
and r(k) = 0 we have the MV regulator. Because the weighting factor for control signal is zero, and
the weighting factor for the output is 1, the MV control will not care about the control energy needed
for the task. Due to the fact that weighting factors are necessary and desirable becanse we have more
freedom when defining the close loop dynamics of the system, other controllers were suggested i the
literature. Reference [46] is reccomendable for that purpose because it gives a unified approach to

many predictive control regulators suggested over time in the literature.
C. LQG Control

LQG control can be related with the pole placement problem quite easy. Minimization of the
performance index (131) leads to a fixed gain controller which can be interpreted as the pole placement
controller which will place the closed-loop poles at the roots of:

An(9)Ao(q) = P(q)C(q) (132)

where the polynomial P (g) is the polynomial that satisfies the spectral factorization problem given
as:

HE@P(q) = pA(Q)Alg™") + B(g) B(g™Y) (133)
The Diophantine equation is then:
A(@)R(q) + B(g)S(q) = P(9)C(q) (134)

To get the unique solution with deg(R) = deg(S) = n some restrictions has to be made to the
solution of the Diophantine equation (134), see [4] p.164 for more detail.

D. Industrial adaptive requlators - a short review

Industrial adaptive regulators are today common in process control. They have been accepted
cautiously in the industry due to conservatism and good experience which the process industry have
had with conventional PID type regulators. Today selftuning controllers are well accepted in industry.
Rough estimation from 1989, [4] gives the number of 100,000 loops with some sort of adaptive control
applied. We can mention the following regulators offered first at the market:

« Adaptive PID selftuning regulator ElectroMax by Leeds & Northrup,

« ASEA Novatune minimum variance selftuning regulator (from 1982) by ASEA (today ABB),
then incorporated in ASEA MASTERPIFECE distributed control system for process industry.
More than 2500 control loops were realized with this type in late eighties,

» First pole placement adaptive regulator was offered around mid eighties by Swedish firm First
Control Systems, AB,

« Soon followed others like: DPR (by Fisher Control, UK) ECA40 (by SATT Control Instruments,
Sweden), Eurotherm (by Eurotherm, UK), West (by West Instruments, UK), Supertuner (by
Techmation, US), P-200 (by Powell Process Instruments, US) etc.

Number of control loops in industry, which use adaptive controllers, is estimated to rise around 4000
loops per vear.



V. CONCLUSION

Theory of adaptive control systems developed during late sixties and early seventies. First imple-
mentation in industry occurs in mid seventies. Today adaptive regulators are offered as a standard
choice for the user in the open systems such as DCV700 system for AC Drives by ABB (Sweden) or
many other companies like Siemens, Allen Bradley etc. Due to technological developments and com-
puter engineering achievements, the user has today on his disposal a user friendly graphical compiler(s)
which consist of many functional elements realized as software modules, enabling easy programming
of any type of controller. However, the adaptive control systems should be carefully designed and
justified for a particular application. Feasibility study is of a paramount importance here, becanse nse
of adaptive control should be justified and compared with the use of other type of control.

Research today is directed toward higher level control systems where the adaptive control is only
one of many possible control algorithms (Fig.20, from [4]).

Super-
vision

Operator Knowledge-based
system
Identi-
fication
Excitation
1
i — H
)- I
T Control \;/ Process
> (I

Fig. 20. Knowledge based control system.

We can mention here autonomous vehicles as a challenge for a control engineering point of view.
Autonomous vehicles of any kind (underwater, terrain or flying) should operate by its own (without
operator), be capable to reach some conclusions about the mission of a vehicle under various un-
predictable situations and reach the goal(s) set by the operator. A lot has to be done before this
scenario can be realized. We can mention only couple of topics which are today in focus of research
in control community: FDIA (Failure Detection Isolation and Accommodation), FTC (Fault Tolerant
Control), reconfigurable control, intelligent (autonomous) control, self-learning control, fuzzy /neuro
control etc. This tutorial covers only a small part of the whole picture, but we are certain that without
the knowledge of achievements of the adaptive control theory, this task can not be resolved.
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